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A B S T R A C T

Rainfall-induced unsaturated slope failures are among the most frequent and destructive forms of landslides 
worldwide, often resulting in significant casualties and economic losses. Accurately predicting such failures 
requires not only a robust numerical approach that captures the coupled hydraulic and mechanical behaviours of 
unsaturated soils, but also a thorough understanding of how spatial variability of soil properties influences slope 
stability. In this study, smoothed particle hydrodynamics (SPH) is employed in conjunction with an advanced 
unsaturated constitutive model to investigate, for the first time, the effects of void ratio dependence and vari
ability on rainfall-induced unsaturated slope failure. The model captures the coupled hydro-mechanical 
behaviour of unsaturated soils, accounting for the influence of void ratio on water retention, infiltration and 
strength characteristics. A single-layer multiphase SPH approach is employed, where each particle simulta
neously represents the water, air, and solid phases, enabling the efficient and robust simulation of large- 
deformation problems. The SPH model is applied to a synthetic slope with spatial variable soil properties to 
explore how heterogeneity in void ratio alters failure mechanisms and onset conditions. The results provide new 
insights into the role of void ratio heterogeneity in rainfall-triggered landslides and demonstrate the potential of 
advanced SPH modelling for practical probabilistic analysis in geotechnical applications.

1. Introduction

Soil slope failures triggered by rainfall represent one of the most 
common and extensive forms of destructive landslides worldwide 
(Ozturk et al., 2022, Amarasinghe et al., 2024, Yang and Zhang, 2024). 
These events pose serious threats to human lives, cause significant 
damage to infrastructure and assets, and disrupt natural ecosystems 
(Baum and Godt, 2010, Yang et al., 2022). In areas with high vulnera
bility, such events can escalate into a severe disaster. For example, 
intense rainfall triggered a landslide and flooding in Petrópolis, Brazil, in 
February 2022, resulting in at least 220 fatalities (Ozturk et al., 2022). 
Similarly, extremely heavy rainfall caused the collapse of the Meida 
Highway in Guangdong, China, in May 2024, leading to 48 deaths (Xue 
et al., 2025). To understand and prevent these kinds of disasters, 
extensive research has been conducted. The soil slope is initially un
saturated with high suction. Consequently, most studies focus on 
rainfall-induced failures of unsaturated slopes by examining various 
contributing factors. These factors can be roughly categorised into three 

main groups: (1) hydraulic properties, including parameters of the soil 
water characteristic curve (Rahimi et al., 2010), permeability coefficient 
(Rahimi et al., 2010), water content (Tohari et al., 2007), porosity 
(Zhang et al., 2005, Le et al., 2019); (2) soil strength properties, such as 
cohesion and friction angle (Feng et al., 2021); and (3) rainfall patterns, 
including intensity and duration (Rahimi et al., 2011, Yubonchit et al., 
2017, Lu et al., 2024).

Various numerical approaches have been employed to simulate the 
rainfall-induced unsaturated slope failure, including the finite element 
method (FEM) (Chen et al., 2021, Zhang et al., 2005, Borja and White, 
2010); particle finite element method (PFEM) (Jin and Yin, 2022, Yuan 
et al., 2022); material point method (MPM) (Yerro et al., 2015, Alonso, 
2021); smoothed particle hydraulics (SPH) method (Bui and Nguyen, 
2021, Lian et al., 2022); finite volume method (FVM) (Showkat et al., 
2022) and hybrid approaches such as FEM-MPM (Liu and Wang, 2021, 
Lu et al., 2024). Among them, FEM is perhaps the most widely used 
computational method. However, it faces challenges in accurately pre
dicting failures involving large deformations due to mesh distortion. 
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Although PFEM can handle large deformations, it incurs high compu
tational costs due to frequent remeshing. Compared to MPM, SPH is a 
truly mesh-free method that does not require background meshes and is 
particularly effective in modelling large deformations (Lian et al., 2022). 
The SPH method was originally developed for astrophysical applications 
(Gingold and Monaghan, 1977). Since its first application in geotech
nical engineering (Bui et al., 2008), SPH has developed rapidly and been 
applied to a wide range of geotechnical problems, including granular 
flows (Bui et al., 2008, Nguyen et al., 2017), slope failures (Pastor et al., 
2009, Morikawa and Asai, 2022, Lian et al., 2023), soil–water in
teractions (Bui et al., 2007, Shao, 2010), seepage flows (Bui and Nguyen, 
2017, Peng et al., 2017, Lian et al., 2021), and internal erosion (Ma 
et al., 2022, Ma et al., 2024). In recent years, fully coupled hydro- 
mechanical SPH frameworks (Lian et al., 2022, Ma et al., 2022, Mor
ikawa and Asai, 2022, Lian et al., 2023) have been developed. Lian et al., 
(2022) and Nguyen et al. (2025) demonstrated the capability of this SPH 
framework in predicting rainfall-induced unsaturated slope failures 
involving large deformations, with numerical results validated against 
well-documented experimental and field data. Therefore, this fully 
coupled SPH framework is well-suited for studying rainfall-induced 
slope failure.

In addition to the large deformation, heterogeneity is another key 
point to address the rainfall-induced unsaturated slope failures. Many 
researchers have employed probabilistic analyses to study rainfall- 
triggered slope failures (Lu et al., 2020, Le et al., 2019, Liu and Wang, 
2021, Lu et al., 2024). For example, Liu and Wang (2021) analysed the 
process of rainfall-induced landslides using random FEM-MPM by 
quantifying both landslide probability and consequences. Furthermore, 
Lu et al. (2024) utilised the FEM-MPM method to evaluate the exceed
ance probability of run-out distance over a given time period, account
ing for uncertainties in both soil properties and rainfall. In current 
random field applications to slope stability and failure, traditional 
elasto-plastic models (e.g., Mohr–Coulomb) are typically used, with 
friction angle and cohesion treated as spatially variable parameters 
(Griffiths and Fenton, 2004, Cho, 2010, Griffiths et al., 2009, Liu et al., 
2017). For slope failures involving seepage flow, it is common to 
generate a random field for the permeability coefficient (Griffiths and 
Fenton, 1993, Ng et al., 2022, Robbins et al., 2021, Xiong et al., 2025). 
However, due to the numerous variables involved, uncertainty is often 
assigned to the parameters of the soil water characteristic curve (SWCC) 
(Phoon et al., 2010, Chiu et al., 2012, Wang et al., 2020) rather than to 
the generation of random fields. It is now well established that the 
mechanical behaviour of porous media is strongly influenced by 
porosity. Advanced constitutive models based on critical state soil me
chanics introduce state parameters linked to porosity or void ratio, 
which can capture the different behaviours of dense and loose soils. 
Andrade et al. (2008) combined a random porosity field with a critical 
state model for sand and demonstrated that specimen strength is 
affected by both the degree and orientation of anisotropy in porosity. 
More recently, Fang et al. (2024) used a hypoplastic critical state-based 
model to show that increased spatial variability in void ratio can alter 
slope failure modes.

The evolution of pore water pressure plays a key role in unsaturated 
slope failure (Wei et al., 2021). Porosity directly influences this process 
by controlling hydraulic properties such as permeability and saturated 
water content. Mukhlisin et al. (2006) emphasized that soils with higher 
effective porosity in the surface layer can store more water, thereby 
delaying infiltration into deeper layers. Le et al. (2012, 2019) examined 
unsaturated seepage through random porosity fields in earth embank
ments and found that porosity heterogeneity significantly influences 
infiltration patterns, often producing preferential flow zones and uneven 
pore pressure distributions. While porosity clearly links soil’s hydraulic 
and mechanical properties, few studies have simultaneously addressed 
its variability in both hydraulic and mechanical aspects. For example, Le 
et al. (2013) combined porosity and pre-consolidation stress random 
fields in settlement problems. Masoudian et al. (2019) modelled 

multivariate dependent random fields of void ratio, dry unit weight, 
friction, and cohesion in coupled hydro-mechanical analyses. Building 
on these insights, the present study aims to systematically investigate 
the role of void ratio variability on the coupled hydro-mechanical 
behaviour of slopes by employing a fully coupled smoothed particle 
hydrodynamics (SPH) framework.

No matter what numerical approaches are adopted, to accurately 
predict changes in soil strength and deformation during the infiltration 
process in both unsaturated and saturated slopes, an advanced unsatu
rated soil constitutive model is essential – particularly the one that can 
take into account hydro-mechanical coupling and void ratio depen
dence. Following pioneering work done by Alonso et al. (1990), Zhou 
et al. (2012a, 2012b) proposed a fully coupled hydro-mechanical un
saturated constitutive model using the effective degree of saturation and 
Bishop’s effective stress. The fully coupled hydro-mechanical unsatu
rated model proposed by Zhou et al. (2012a, 2012b) has been imple
mented within FEM (Zhang et al., 2019) to account for both hydraulic 
and mechanical loading conditions. Zhou and Sheng (2015) further 
developed this model to incorporate the effects of initial density (i.e. 
void ratio) on coupled hydro-mechanical behaviours of the soil, such as 
the dependence of loading–collapse volume on initial void ratio and 
density effect on the shearing-induced saturation change.

Building on the work of Lian et al. (2022), the present study adopts a 
single-layer, multiphase, fully coupled hydro-mechanical SPH frame
work to further study the rainfall-induced unsaturated slope failure 
involving large deformation. Particularly, in this study, we implement 
the simplified version of the constitutive model developed by Zhou and 
Sheng (2015) within a fully coupled SPH numerical framework to 
investigate how void ratio dependence and variability influence rainfall- 
induced slope failure mechanisms. This paper is organised as follows: 
Section 2 introduces the fully coupled hydro-mechanical numerical 
framework, the governing equations as well as the advanced unsatu
rated constitutive model. Section 3 presents the basic SPH equations and 
the SPH approximations of the governing equations. Section 4 discusses 
the validation and verification of the unsaturated constitutive model, 
both at the element level and within the SPH numerical framework 
through the granular collapse and simple shear tests. Section 5 presents 
the numerical analysis of rainfall-induced unsaturated slope failure, 
considering the dependence and spatial variability of void ratio. Finally, 
some useful conclusions have been drawn for practice and future study.

2. Hydro-mechanical coupled numerical framework for 
unsaturated soil

2.1. Governing equations

The main governing equations for fully coupled hydro-mechanical 
simulations in unsaturated soil are summarised as following referred 
to (Lian et al., 2022, Ma et al., 2022, Ma et al., 2024). Eq. (1) describes 
the change in porosity resulting from soil deformation. Eq. (2) represents 
the momentum equation governing the motion of the soil. Eq. (3) is the 
hydraulic equation used to update the pore water pressure head within 
the soil. 

dϕ
dt

= (1 − ϕ)∇ • vs (1) 

ρt
dvs

dt
= ∇ • σt + ρtb (2) 

dh
dt

=
1

Csr

{

− Sr∇⋅vs +∇ • [kw∇(h + z) ] +
1
g
∇ •

(

kw
dvs

dt

)}

(3) 

where ϕ is the porosity; vs is velocity vector of soil mixture; ρt is the total 
density of soil mixture; σt is the total stress of the soil mixture; b is the 
body force; h is the pore water pressure head; Sr is the degree of satu
ration; kw is the water permeability coefficient; z is the elevation; g is the 
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gravity; Csr is the storage coefficient, Csr =

(
Srϕγw

Kw
+ϕdSr

dh

)

; γw is the 

specific weight of water; Kw is the water bulk modulus, Kw = 2.2 GPa.

2.2. Hydraulic model

In this study, porosity and degree of saturation both influence 
seepage flow. The permeability coefficient is formulated as follows: 

k(ϕ, Sr) = ksat(ϕ)krl(Sr) (4) 

The term ksat(ϕ) represents the saturated permeability coefficient, which 
is defined based on the Kozeny-Carman relationship (Kozeny, 1927) as 
follows: 

ksat(ϕ) = ksat0
(1 − ϕ0)

2

ϕ3
0

ϕ3

(1 − ϕ)2 (5) 

where ksat0 is the initial saturated permeability coefficient value; ϕ is the 
porosity; ϕ0 is the initial porosity. In saturated soils, an increase in 
porosity generally leads to a higher saturated permeability coefficient.

The term krl(Sr) is the relative permeability coefficient in an unsat
urated state, describing the change of permeability coefficient related to 
the degree of saturation in unsaturated soil through the Van Genuchten 
model (Van Genuchten, 1980). 

krl(Sr) = Sgl
e

[
1 −

(
1 − Se

− (1/gc)
)− gc

]2
(6) 

Se = (Sr − Sres)/(Ssat − Sres) (7) 

where Sr is the degree of saturation; Se is the effective degree of satu
ration; Sres is the residual degree of saturation, assumed to be 0; Ssat is 
the degree of saturation at full saturation, assumed to be 1; gl and gc are 
empirical fitting parameters.

The relationship between the degree of saturation and the suction 
head is written as (Van Genuchten, 1980): 

Sr = Sres +(Ssat − Sres)[1 + (ga| − h| )gn ]
gc (8) 

where − h is the suction head (m); ga and gn are fitting parameters; gc =
(
1 − gn

)
/gn.

In the original model of Zhou and Sheng (2015), hydraulic hysteresis 
is considered. However, in this study, the influence of hydraulic hys
teresis is considered negligible, as no wetting–drying cycles are simu
lated. To facilitate implementation within the SPH framework while 
accounting for the dependence of degree of saturation on void ratio, we 
adopt the equation proposed by Gallipoli et al. (2003), instead of the 
more complex hysteresis-based equations used by Zhou and Sheng 
(2015). In this study, the parameter ga becomes a function of void ratio e 
(Gallipoli et al., 2003): 

ga = αeφ (9) 

where α and φ are constant parameters. Eq. (9) highlights that void-ratio 
dependence has been incorporated into the soil–water characteristic 
curve through the parameter ga, which is related to the air-entry value.

Using the above Eq. (8) and Eq. (9), the degree of saturation accounts 
for soil’s volume change through void ratio, which has been well vali
dated by experimental data (Gallipoli et al., 2003). Fig. 1 (a) presents the 
predicted relationships between the degree of saturation and suction 
head for different void ratios. The chosen soil water characteristic curve 
(SWCC) parameters including Sres = 0, Ssat = 1, gl = 0, gn = 2.286, 
gc = − 0.563 are consistent with previous studies (Lian et al., 2021, 
Galavi, 2010). Parameters controlling void ratio dependence are α =

0.5(1/m), and φ = 0.2, with the void ratio ranging from 0.5 to 2.5. The 
calculated parameters ga = αeφ ranges from 0.4 to 0.7, aligning well 
within the range of values from literature (Lian et al., 2021, Galavi, 
2010, Phoon et al., 2010). As observed, an increase in void ratio leads to 
a decrease in the degree of saturation at a given suction head. The 
relation between relative permeability coefficient and suction head for 
different void ratios (equation (6)) is presented in Fig. 1 (b). In the un
saturated state, an increase in void ratio leads to a reduction in the 
relative permeability coefficient.

It is important to note that SWCC parameter selection significantly 
influences seepage flow timing and, thus, the onset of wetting-induced 
unsaturated slope failure. Since this study primarily investigates the 
influence of spatial variability and void ratio dependence on slope fail
ure, the void ratio and its spatial randomness are treated as variables, 
while all other SWCC parameters remain fixed.

2.3. Constitutive relationship

A simplified concept of effective stress in unsaturated soils is intro
duced through Bishop’s effective stress equation (Bishop, 1959, Sheng 
et al., 2003, Zhou and Sheng, 2015): 

σ’ = σ − mSepw (10) 

where σ’ is the effective stress; σ is the total stress; m is the column 
vector with 1 at normal stress entries and 0 at shear stress entries; pw is 
the pore water pressure; the pore air pressure is neglected. It is noted 
that the effective degree of saturation Se is chosen as the basic consti
tutive variable, and it can revert to degree of saturation Sr if appropriate 
values for Sres and Ssat are selected.

The increment of effective stress increment (dσ’) is given by Hooke’s 
law: 

dσ’ = De : (dε − dεp) (11) 

where dε is the total strain increment; dεp is the plastic strain increment, 

Fig. 1. Degree of saturation and relative permeability coefficient at different values of void ratio.
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De =

(

K − 2
3 G
)

δ × δ + 2GI is the elastic stiffness matrix; K is the elastic 

bulk modulus and G is the shear modulus, which are given as follows: 

K =
(1 + e)ṕ

κ
G =

3(1 − 2μ)K
2(1 + μ) (12) 

where ṕ  is the mean effective stress; κ is the slope of the swelling line; μ 
is the Poisson’s ratio.

The incremental plastic strain (dεp) in Eq. (11) is given as: 

dεp = dλ
∂g(σ’)

∂σ’ (13) 

where dλ is the plastic multiplier, which can be determined by solving 
consistency condition on the yield surface; g(σ’) is the plastic potential 
function.

The adopted unsaturated constitutive model proposed by Zhou and 
Sheng (2015) uses sub-loading surface and reference yield surface to 
describe the initial density effects on soil’s strength. The sub-loading 
surface and reference yield surface are expressed as follows and illus
trated in Fig. 2 (Zhou and Sheng, 2015): 

f
(
p’, q, p’

0(Se)
)
= p’ +

q2

M2p’ − p’
0(Se) = 0 (14) 

f
(
p’, q, p’

0(Se)
)
= p’ +

q2

M2p’
− p’

0(Se) = 0 (15) 

where ṕ  is the mean effective stress; q is the deviatoric stress; p0́(Se) is 
the pre-consolidation effective stress under certain Se; the over bar ‘− ’ 
means the variables related to the reference yield surface; M is the 
critical stress ratio.

The dilatancy rule defining the potential function using associated 
flow rule presents as follows, 

dr =
dεp

v

dεp
q
=

M2p 2́ − q2

2pʹq
(16) 

where dr is the dilatancy rate; dεp
v and dεp

q are plastic volumetric and 
deviatoric strain increments.

The similarity ratio R is determined by: 

R =
pʹ

0(Se)

pʹ
0
(
Se
) (17) 

R reflects the influence of the initial soil density (i.e., the initial void 
ratio) on the soil’s strength. The value of R ranges from 0 to 1. When 
R < 1, the soil is in a dense state, whereas R = 1 represents the loosest 
state.

To incorporate the effect of suction in unsaturated soils, the pre- 
consolidation effective stress ṕ0(Se) at a given suction on sub-loading 
surface is associated with the load–collapse (LC) yield surface (Alonso 
et al., 1990, Zhou and Sheng, 2015): 

pʹ
0(Se) = pc

(
pʹ

0
*

pc

) λ0 − κ
λ(Se)− κ

(18) 

λ(Se) = λ0 − (λ0 − κ)(1 − Se)
a1 (19) 

where ṕ0
* is the pre-consolidation effective stress under fully saturated 

state; pc = 1 Pa is the reference effective stress on normal consolidation 
line (NCL) line in e − lnṕ  plane; λ(Se) represents the slope value of the 
NCL line at a certain effective saturation Se; λ0 is the slope value of the 
normal consolidation line in e − lnṕ  plane under fully saturated condi
tion; κ is the slope of the swelling line in e − lnṕ  plane; and a1 is constant.

The pre-consolidation effective stress at full saturation state (p0́
*) on 

sub-loading surface is governed by a volumetric hardening law, referred 
to unified hardening (UH) model (Yao et al., 2009, Yao et al., 2012): 

dp *́
0 =

(1 + e)p *́
0

(λ0 − κ)
Ωdεp

v (20) 

Ω =
M4

f − η4

M4 − η4 (21) 

where Mf = 6

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Mh
R

(

1 + Mh
R

)√

− Mh
R

]

; R is the similarity ratio; Mh =

M2

12(3− M)
; η is the stress ratio and equals to q/ṕ .

Similarity, the pre-consolidation effective stress p’
0(Se) at a given 

suction on the reference yield surface can be determined, and the 
hardening law for the pre-consolidation effective stress at the fully 
saturated state (ṕ *

0 ) on the reference yield surface follows the same form 
as the modified Cam-clay model (Roscoe et al., 1963, Schofield and 
Wroth, 1968): 

pʹ
0(Se) = pc

(
p *́

0

pc

)
λ0 − κ

λ(Se)− κ

(22) 

dp *́
0 =

(1 + e)p *́
0

(λ0 − κ)
dεp

v (23) 

The initial stress state (ṕ , q) and initial suction (s) and initial effective 
degree of saturation (Se0) are commonly known values. Therefore, the 
initial pre-consolidation effective stress ṕ0(Se0) on sub-loading surface is 
calculated as: 

pʹ
0(Se0) = pʹ+

q2

M2pʹ (24) 

The initial pre-consolidation effective stress ṕ0(Se0) under initial effec
tive degree of saturation (Se0) on reference yield surface is determined 
following the approach proposed in Zhou and Sheng (2015): 

pʹ
0(Se0) = exp

(
eref − e0 + λ(Se0)lnpc − κlnpʹ

0(Se0)

λ(Se0) − κ

)

(25) 

Fig. 2. Sub-loading and yield surface of the constitutive model, after Zhou and 
Sheng (2015).
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where the eref is the reference void ratio on normal consolidation line 
(NCL) line when pc = 1 Pa; e0 is the initial void ratio of the soil. Eq. (25)
demonstrates the dependence of the soil’s mechanical behaviour on void 
ratio, expressed via its relationship with the pre-consolidation effective 
stress.

In this study, to improve numerical accuracy and stability, the semi- 
implicit stress integration algorithm proposed by Bui and Nguyen 
(2021) is adopted for the unsaturated constitutive model. The details of 
this algorithm are provided in the Appendix.

3. SPH integration method

3.1. SPH equations and kernel function

Smoothed particle hydrodynamics (SPH) is a mesh-free numerical 
method based on continuum mechanics, where the computational 
domain is discretised into particles. These particles carry key field 
properties, such as mass, density, and velocity. The enhanced SPH 
equations for scalar values (f(xi)), first-order derivatives (∇if(xi)), and 
the Laplacian operator 

(
∇2

i f(xi)
)

are presented (Bui and Nguyen, 2021): 

f(xi) =
∑N

j=1

mj

ρj
f
(
xj
)
Wij (26) 

∇if(xi) =
∑N

j=1

mj

ρj

[
f
(
xj
)
− f(xi)

]
• ∇̂iWij (27) 

∇2
i f(xi) = 2

∑N

j=1

mj

ρj

[
f
(
xj
)
− f(xi)

] xji • ∇̂iWij
⃒
⃒xji
⃒
⃒2

(28) 

where the subscripts i and j refer to the quantity evaluated at the position 
of particle i and j, respectively; ρj and mj are the density and mass of 
particle j, respectively; N is the total number of neighbouring particles 
located within the support domain of particle i; xji is the relative distance 
between two particles, defined by xji = xj − xi; Wij and ∇iWij are the 
kernel function and its gradient; ∇̂iWij = Lij∇iWij and Lij =
[
∑N

j=1
mj
ρj

(
xj − xi

)
∇iWij

]− 1 
is renormalization matrix.

Instead of using Eq. (28), following SPH approximations is used in 
this study to further improve the accuracy when particles’ positions are 
disordered (Lian et al., 2021, Lian et al., 2022): 

∂2f(xi)

∂xm∂xn =
∑N

j=1
Vj
(
f
(
xj
)
− f(xi)

)
D

mnF̃ij −
∂f(xi)

∂xmʹ
ij

∑N

j=1
Vjxmʹ

ji D
mnF̃ij (29) 

where Vj is the volume occupied by the particle j; D mn = 4
xm

ji xn
ji

|xji|
2 − δmn; 

F̃ij =
xm

ji

|xji|
2 • ∇̂

m
i Wij; ∇̂

m
i Wij = Lmn

ij ∇n
i Wij; the renormalisation matrix Lmn

ij 

is written as Lmn
ij =

[
∑N

j=1
mj
ρj

(
xj − xi

)m
∇n

i Wij

]− 1
.

In this study, the cubic spline kernel function is employed: 

W(q, hsml) = αd

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

2
3
− q2 +

1
2
q3(0 ≤ q < 1)

1
6
(2 − q)3

(1 ≤ q < 2)

0(q ≥ 2)

(30) 

where αd is the dimensional normalising factor, αd = 15/7πh2 in two- 
dimension; q = |xij|/hsml is the normalised distance between particles; 
hsml is the smooth length of the kernel function, which is chosen as 1.2 
times the initial particle distance; the SPH compact support domain is 
2hsml.

3.2. SPH approximations of governing equations

The porosity equation for the soil mixture is approximated as fol
lows: 
(

dϕ
dt

)

i
= (1 − ϕi)

∑N

j=1

mtj

ρtj

(
vsj − vsi

)
∇̂iWij (31) 

where ϕi is the porosity of particle i; vsi and vsj is the velocity of mixture 
particles i and j, respectively;mtj and ρtj are the total mass and total 
density of the particle j.

The pore water pressure head is updated using Eq.(32) (Lian et al., 
2023): 

ht+1
i =

∑N
j=1Vjkmn

ij D
mnF̃ijht

j + Bij +
CSrht

i
Δtw(

∑N
j=1Vjkmn

ij D
mnF̃ij +

Csr
Δtw

) (32) 

where kmn
ij =

(
kmn

i + kmn
j

)
/2 is the average permeability coefficient be

tween particle i and j; Δtw is the critical time step of seepage flow; CSr =

ϕdSr/dh is the specific storage term obtained from the SWCC and Bij is 
the pore water pressure source term. Bij is defined as: 

Bij = − Sr∇ • vs +
kij

g
∇ •

(
dvs

dt

)

+∇ •
[
kij(∇z)

]
− Ei (33) 

with Ei being the error source term, which is computed only within the 
porous media (excluding surface particles): 

Ei = kmn
ij

∂hi

∂xmʹ
ij

∑N

j=1
Vjxmʹ

ji D
mnF̃ij (34) 

The momentum balance is approximated as follows: 

(
dvs

dt

)

i
=
∑N

j=1
mti

((
σʹ

i − Seipwim
)

ρ2
ti

+

(
σʹ

j − Sejpwjm
)

ρ2
tj

+Cij

)

∇iWij +bi + Fdi

(35) 

where mtj is the total mass of the soil mixture particle j;ρti and ρtj are the 
total density of the soil mixture particles i and j; σ í and σ j́ are the effective 
stress of particles i and j;pwi and pwj are the pore water pressure of 
particles i and j; Sei and Sej is the effective degree of saturation of par
ticles i and j; Cij is the artificial viscosity used to remove stress fluctua
tions (Bui et al., 2008); bi is gravity force vector of particle i; Fdi = − μdvsi 

is damping force used at initial state to get stable stress distribution (Bui 
and Fukagawa, 2013); μd is damping coefficient.

3.3. SPH time integration

The positions of SPH mixture particles are updated as follows: 

rt+1
s = rt

s +
vt

s + vt+1
s

2
Δts (36) 

where rt
s and rt+1

s are the positions of the SPH particle at time t and t + 1, 
respectively.

The critical time step Δts for soil motion is determined by the 
following equation: 

Δts ≤ CCFL
l
cs

(37) 

where CCFL is the Courant number, normally taken as 0.2; l is the length 
scale of the initial numerical discretisation; cs is the sound speed of soil.

The critical time step of the seepage flow Δtw is defined as follows: 
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Δtw ≤
ϕγwh2

sml
Kwksat

(38) 

where ϕ is the porosity; γw is the specific weight of water; Kw is the water 
bulk modulus; ksat is the saturated permeability coefficient; hsml is the 
smoothing length of the kernel function. It is noted that in fully coupled 
hydro-mechanical simulations, an adaptive time-stepping algorithm 
(Lian et al., 2022, Ma et al., 2024) is used to optimise computational 
efficiency.

4. Validation and verification of the unsaturated constitutive 
model

This section presents the validation and verification of the adopted 
simplified unsaturated constitutive model through element level tests 
against experimental data on unsaturated soils, SPH simulations of 
granular collapse under large deformation compared with experimental 
results, and simple shear tests using SPH to verify implementation and 
assess model performance under varying void ratios and suction levels.

4.1. Element level test

In this section, the performance of the unsaturated model is evalu
ated in element level against experimental data reported by Sun et al., 
(2007). In Sun et al. (2007) study, they investigated the mechanical 

response of unsaturated Pearl clay through triaxial compression and 
wetting tests on samples compacted to different initial void ratios. The 
experimental procedure involved three loading stages. In the first stage, 
Pearl clay samples with varying initial void ratios were subjected to 
triaxial compression under constant suction conditions until the ratio of 
the first net principal stress to the third net principal stress reached 1.5. 
In the second stage, the specimens were soaked to eliminate suction 
while maintaining the constant net stress ratio. In the final stage, triaxial 
compression was applied under zero suction conditions until failure. In 
this study, two experimental cases from Sun et al., (2007) were selected 
for numerical simulation: one with an initial void ratio of 1.41 and the 
other with an initial void ratio of 1.27. In both cases, a constant suction 
of 147 kPa was applied during the first triaxial compression stage. The 
material parameters adopted for the constitutive and hydraulic models 
are summarised in Table 1.

Fig. 3 presents a comparison between the experimental results, the 
numerical predictions from the current model, and those from original 
model by Zhou and Sheng (2015). In the figure, the dotted lines repre
sent experimental data, solid lines correspond to the current model, and 
dashed lines show the results from Zhou and Sheng (2015). Red curves 
indicate results obtained under a smaller initial void ratio (e0 = 1.27), 
while blue curves correspond to a larger initial void ratio (e0 = 1.41). 
Although the current model employs a simplified hydraulic model 
compared to Zhou and Sheng, (2015), it still successfully demonstrates 
that a smaller initial void ratio (e0 = 1.27) significantly reduces soaking- 
induced deviatoric and volumetric strain compared to a larger void ratio 
(e0 = 1.41). Furthermore, as the soil becomes denser, dilative volumetric 
strains gradually develop, accompanied by an increase in deviatoric 
stress. The variations in the degree of saturation are also captured. These 
findings highlight the ability of the adopted unsaturated constitutive 
model to effectively reproduce the influence of void ratio on the hydro- 
mechanical behaviour of unsaturated soils.

Table 1 
Parameters of constitutive model and hydraulic model.

Parameters Value Parameters Value

The slope of the swelling line κ 0.01 The slope of the NCL λ0 0.121
Reference critical void ratio eref 2.78 Poisson’s ratio μ 0.3
Critical state stress ratio M 1.1 Reference stress pc(Pa) 1
Constant parameter a1 for λ(Se) 1.85 Parameter α 0.077 (1/m)
Parameter φ 3 Parameter gn 1.5
Parameter gc − 0.3 ​ ​

Fig. 3. Evaluation of the current model against the Zhou and Sheng (2015) model and experimental data.

G. Ma et al.                                                                                                                                                                                                                                      Computers and Geotechnics 189 (2026) 107629 

6 



4.2. Granular collapse test

This section evaluates the capability of the constitutive model to 
capture the effects of void ratio under large deformations within the SPH 
numerical framework, in comparison with experimental data from 
granular material collapse tests. Given the limited availability of 
experimental data on unsaturated granular collapse, a special experi
mental case (Bui et al., 2008) involving zero suction force is adopted for 

constitutive model validation. The geometry is depicted in Fig. 4, with 
dimensions of 0.2 m in length and 0.1 m in height, as referenced from 
Bui et al., (2008). Aluminium bars with various diameters (1 mm and 
1.5 mm) were used as the granular material in the experiment. In the 
setup of SPH simulation, the left and right retaining walls are assumed to 
have free-slip boundaries, while the bottom boundary used non-slip 
boundary condition. These boundary conditions follow same setup 
with Bui et al. (2008). Considering both computational efficiency and 
accuracy, the initial SPH particle spacing is set to 0.0025 m with a total 
of 3920 SPH particles used. The initial stress distribution results from 
gravity loading. At the start of the simulation, the right wall is removed 
to trigger the granular collapse. The constitutive model parameters 
adopted in this test are listed in Table 2 and are selected to provide the 
best fit to the experimental observations.

Fig. 5 shows the numerical results of the granular collapse with zero 
suction. The surface configuration and failure curve observed in the 
experiment are well captured with the initial void ratio (e0) in the range 
of 0.95 to 1.05, which represents a loose state. The SPH studies by Wang 
et al. (2024) and Zhu et al. (2024) employed advanced critical state soil 
models and reported results consistent with similar void ratio values. 
Additionally, similar final failure patterns have been reproduced using 
the material point method (Sołowski and Sloan, 2015) and the smoothed 
particle finite element method (Zhang et al., 2021, Yuan et al., 2019). 
However, these latter studies used an elastic–perfectly plastic material 
with the Mohr–Coulomb yield criterion and did not report void ratio 
values, so no direct comparison was made. This demonstrates that the 
adopted constitutive model implemented in SPH can correctly model the 
large deformation problems with variable void ratios.

4.3. Simple shear test

This section focuses on verifying the correct implementation of the 

Fig. 4. SPH set up for granular collapse.

Table 2 
Parameters of the constitutive model in the granular collapse test.

Parameters Value Parameters Value

The slope of the swelling line κ 0.008 The slope of the NCL λ0 0.05
Reference critical void ratio eref 1.3 Poisson’s ratio μ 0.3
Critical state stress ratio M 0.57 Reference stress pc(Pa) 1
Constant parameter a1 for λ(Se) 2 ​ ​

Fig. 5. Comparison of geometric configurations for granular collapse.

Fig. 6. Simple shear test in SPH.
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constitutive model and its ability to predict the effects of initial void 
ratio and suction within the SPH framework. A simple shear test is 
simulated following the studies of Bui and Nguyen, (2021), Nguyen 
et al., (2025) and Nonoyama et al., (2015). In this study, simple shear 
tests are conducted under undrained conditions, with constant suction 
and constant volume. It is important to note that in experiment the 
constant suction is maintained by simultaneously increasing both the air 
pressure and the water pressure by the same amount (Wheeler and 
Sivakumar, 1995). As illustrated in Fig. 6, the simple shear test setup 
consists of a central representative soil element surrounded by boundary 
regions. Both the soil and boundary are represented by SPH particles 
with identical material properties. While particles in the central region 
move freely, those in the boundary region are assigned a controlled 
velocity field. In this case, the initial SPH particle spacing is set to 0.005 
m. The entire rectangular domain measures 0.15 m × 0.15 m, while the 
internal soil domain occupies a 0.05 m × 0.05 m area. The solid particle 
density is 2650 kg/m3, and an initial confining stress ṕ  of 20 kPa is 
applied. The parameters for the unsaturated model are listed in Table 3. 
These parameters are typical of silty soil properties and can be refer
enced from the constitutive model studies of Zhou and Sheng (2015) and 
Yu (1998). The hydraulic parameters are the same as those used in 
Fig. 1. The SPH simple shear test results are compared with those from a 

single-element test conducted in MATLAB.
Fig. 7 (a) and (b) illustrates the performance of the constitutive 

model under different density states by varying the void ratios under 
zero suction (i.e. s = 0 kPa). Fig. 7 (a) demonstrates typical dense sand 
behaviour with strain hardening for an initial void ratio of e0 = 0.67, 
and medium-dense sand behaviour for e0 = 0.82, whereas loose sand 
behaviour is observed for e0 = 1. Fig. 7 (b) shows the relationship be
tween ṕ  and q, where the final deviatoric stress reaches the critical state, 
closely aligning with the critical state line (CSL). These results indicate 
that the constitutive model effectively captures the mechanical behav
iour of both dense and loose sands by varying the initial void ratio.

Fig. 7 (c) and (d) presents the constitutive performance under 
varying initial suction levels at same initial void ratio (i.e. e0 = 0.82). As 
observed, increasing the initial suction from 0 kPa to 25 kPa leads to a 
significant enhancement in both the deviatoric peak and residual 
stresses of the soil. The final deviatoric stresses for all cases converge 
closely along the same critical state line. Apart from the direct contri
bution of suction to the enhancement of soil effective stress, the higher 
suction levels contribute to enhanced soil yield strength through the 
expansion of the yield surface.

5. Rainfall-induced failure analysis of homogeneous and 
heterogeneous slopes

5.1. Numerical setup

This section presents the SPH numerical setup for a synthetic sandy 
soil embankment, based on the study by Liu and Wang (2021). The 
geometry is illustrated in Fig. 8, with the slope having a height of 14 m 
and a bottom length of 40 m. The slope angle is set at 35.5 degrees. The 
left, right, and bottom boundaries are defined by impermeable walls. 

Table 3 
Parameters of constitutive model in simple shear test.

Parameters Value Parameters Value

The slope of the swelling line κ 0.005 The slope of the NCL λ0 0.175
Reference critical void ratio eref 2.65 Poisson’s ratio μ 0.3
Critical state stress ratio M 1 Reference stress pc(Pa) 1
Constant parameter a1 for λ(Se) 1.65 ​ ​

Fig. 7. Influence of initial void ratio and initial suction on the constitutive model performance.

G. Ma et al.                                                                                                                                                                                                                                      Computers and Geotechnics 189 (2026) 107629 

8 



The left and right boundaries are modelled as free-slip boundaries, while 
the bottom boundary is non-slip, consistent with the setup used in the 
granular flow test. If the rainfall boundary condition is activated, the 
surface boundary is subjected to a constant water flux. The soil grain 
density is 2650 kg/m3 and the water density is 1000 kg/m3. An initial 
saturated permeability coefficient is assumed as 1 × 10− 4 m/s. The soil 
water characteristic curve (SWCC) parameters are assumed as follows: 
Ssat = 1, Sres = 0, gn = 2.286, gc = − 0.563, gl = 0, α = 0.5(1/m), and 
φ = 0.2, consistent with the parameters used in Fig. 1. The parameters 
for the constitutive model are the same as those shown in Table 3.

Considering both computational efficiency and accuracy, a total of 
28,585 particles with a spacing of 0.1 m was used in this case. Thanks to 
SPH’s non-local interpolation feature (Vignjevic et al., 2014), the slope 
failure simulation employed the same smoothing length as the granular 
collapse case, ensuring comparable numerical resolution and accuracy 
despite the difference in physical dimensions. To compare the failure 
behaviour of homogeneous and heterogeneous slopes, numerical data 
along profiles A-A (x = 4 m), B-B (x = 11 m), and C–C (x = 18 m) are 
presented in the discussion section. Additionally, surface displacement 
data from gauges D, E, and F located at (x = 8 m, y = 10.5 m), (x = 12 m, 
y = 7.8 m), and (x = 16 m, y = 4.8 m) are included for displacement 
analysis.

5.2. Initial stability test of homogeneous slope

An initially stable slope is essential for modelling rainfall-induced 
slope failure. The initial stability of the slope is significantly influ
enced by both void ratio and suction. This section investigates the effect 
of typical mean values of porosity (or void ratio) and suction on the 
initial stability of the slope without rainfall, based on the adopted 
constitutive model parameters. The time step for the fully coupled 
simulation is set as Δts = Δtw = 5 × 10− 6 s. Table 4 presents the selected 
mean values of porosity and suction used in the tested cases. Slope 
stability is defined by a runout distance threshold of zero meters. Po
rosities of 0.4, 0.45, and 0.5 were tested under uniformly distributed 
suction conditions of 1 kPa and 25 kPa. It is observed that under low 
suction (1  kPa), slopes with porosities ranging from 0.4 to 0.5 are un
stable, with both runout distance and sliding area increasing as the 
initial porosity increases. At a suction level of 25  kPa, slopes with po
rosities of 0.4 and 0.45 become stable, indicating that higher suction 
levels significantly enhance initial slope stability. However, the slope 
with a porosity of 0.5 remains unstable, although both runout distance 
and sliding area are reduced. In this case, an even higher suction level is 
required to achieve overall stability for looser soils.

Fig. 9 (a) and (b) illustrate the surface profiles of slope failures under 
different conditions. Fig. 9 (a) shows that as porosity increases, the soil 
material becomes looser and more susceptible to failure, leading to 
deeper slope failures and longer run-out distances. Consequently, the 
sliding area increases significantly. Fig. 9 (b) shows that higher suction 
enhances soil strength, thereby reducing both the run-out distance and 
sliding area compared to the lower suction condition at the same void 
ratio. Based on these observations, a mean porosity of 0.4 with a suction 
of 25  kPa is selected as the base case to investigate rainfall-induced 
slope failure in the following section.

5.3. Homogeneous slope under heavy rainfall

In this section, a uniform porosity of 0.4 and a uniform suction of 25 

Fig. 8. Geometry of the synthetic embankment and boundary conditions.

Table 4 
Selected mean value of porosity and suction in slope stability test.

Cases Mean porosity 
(ϕ)

Suction 
(s)

Stability Run-out 
distance

Sliding 
area

1 0.4 1 kPa No 3.4 m 35.5 m2

2 0.45 1 kPa No 5.2 m 41.1 m2

3 0.5 1 kPa No 6.5 m 46.8 m2

4 0.4 25 kPa Yes 0.0 m 0.0 m2

5 0.45 25 kPa Yes 0.0 m 0.0 m2

6 0.5 25 kPa No 2.9 m 33.7 m2

Fig. 9. Surface profile of the slope failure.
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Fig. 10. Evolution of pore water pressure and vertical effective stress for a homogeneous slope.

Fig. 11. Evolution of porosity and deformation for a homogeneous slope.
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kPa are applied to the slope. Heavy rainfall is simulated by applying a 
surface flux of Q = 5 × 10− 5 m/s to the slope surface boundaries. To 
model infiltration runoff, a drainage condition (i.e., no ponding water on 
the slope surface) is simulated by setting any positive pore water pres
sure on the slope surface to zero. An adaptive time-stepping scheme 
(Lian et al., 2022, Ma et al., 2024) is employed to accelerate the infil
tration process, with the initial time steps set as Δts = 5 × 10− 6 s and 
Δtw = 5 × 10− 2 s. Fig. 10 presents the numerical results of a homoge
neous slope failure. Fig. 10 (a) illustrates the evolution of pore water 
pressure. Initially, the soil sample exhibits a uniform suction of 25 kPa. 
As infiltration progresses, the pore water pressure gradually propagates 
from the surface into the soil body. By 2.5 h, water infiltration causes the 
negative pore water pressure (suction) to reduce significantly in the 
slope. The loss of suction leads to a significant reduction in the soil’s 
yield strength, which abruptly triggers slope collapse, known as wetting- 
induced slope failure. The final run-out distance is approximately 4.9 m. 
The slope collapse is completed at around 3.3 h. And with further water 
infiltration, positive pore water pressure builds up at the bottom of the 
foundation at 5 h. Fig. 10 (b) shows the evolution of vertical effective 
stress. On the one hand, slope collapse leads to a reduction in effective 

stress. On the other hand, during the saturation process, decreasing 
suction and the gradual increase in positive pore water pressure further 
contribute to the reduction in effective stress.

Fig. 11 (a) shows the evolution of porosity. Initially, a uniform 
porosity of 0.4 is applied throughout the soil body. As deformation oc
curs, porosity significantly increases within the shear band due to the 
shear-induced dilation. The soil becomes looser in the deformed zone. 
The soil’s porosity slightly decreases in the foundation zone due to the 
overburden pressure from the soil above. The deformation is charac
terised by the accumulated plastic strain, which exhibits a similar spatial 
and temporal evolution to porosity, as shown in Fig. 11 (b). As can be 
seen, an evident shear band forms with the progression of the slope 
failure.

5.4. Heterogeneous slope with spatial variability of void ratio under heavy 
rainfall

The heterogeneous porosity distribution of the slope is generated 
using the local average subdivision (LAS) (Fenton and Vanmarcke, 1990, 
Fenton and Griffiths, 2007) random field generation method. The LAS 
method generates spatially correlated random fields through a hierar
chical averaging process. The method begins by dividing the domain 
into a set of uniformly sized blocks. Each block is then recursively 
subdivided into smaller blocks to progressively refine the spatial reso
lution. At each level of subdivision, random values are assigned in a 
manner that preserves the desired statistical properties, such as variance 
and spatial correlation. This method has been widely applied in 

Table 5 
Statistics of porosity.

Parameter Distribution Mean value COV Correlation length θ(ϕ)

Porosity ϕ Log-normal 0.4 0.15 3

Fig. 12. Evolution of pore water pressure and vertical effective stress for a heterogeneous slope.

G. Ma et al.                                                                                                                                                                                                                                      Computers and Geotechnics 189 (2026) 107629 

11 



geotechnical engineering and is adopted in this study.
Although Gaussian random field is commonly used to model spatial 

variability because of its mathematical convenience. It is not appro
priate when the random variable must be strictly positive, such as 
porosity. To overcome this, we use a Gaussian random field that is 
transformed into a lognormal random field at the particle level. This 
method has been widely adopted by researchers such as Le et al. (2019), 
Dyson and Tolooiyan (2019), Cho (2010), and Griffiths et al. (2009) to 
model the spatial distribution of soil properties including friction angle, 
cohesion, and porosity. The statistic of porosity of this tested case is 
shown in Table 5. In Table 5, the mean porosity μ(ϕ) is 0.4. Following Le 
et al. (2015) and Fang et al. (2024), the coefficient of variation (COV) 
typically ranges from 0.05 to 0.3, as larger values can produce porosity 
outside the physically reasonable range (0–1). In this study, a COV of 
0.15 was selected, resulting in heterogeneous porosity values between 
0.15 and 0.65, which lie within the range reported in previous studies (e. 
g., Le et al., 2012, Le et al., 2013). The horizontal correlation length θ(ϕ)
is assumed to be equal to the vertical correlation length. An appropriate 
value must be selected to ensure the soil’s initial stability while 
adequately representing void ratio variability. Uzielli et al. (2007)
suggested a vertical correlation length of approximately 3 m for organic 
silty clay, while Le et al. (2015) adopted 2 m when studying the stability 
of rainfall-induced slopes. Based on these references, a value of 3 m is 
considered practically reasonable for the current study. All other vari
ables and constitutive model parameters remain consistent with those 
used in the homogeneous soil simulations.

Fig. 12 (a) illustrates the evolution of pore water pressure in the 
heterogeneous soil. The random distribution of porosity dominates the 
variation in the degree of saturation and permeability coefficient, as 
both are directly linked through Eq. (5) and Eq. (8). And smaller porosity 
accelerates the evolution of the pore water pressure in unsaturated soil, 
as shown in Eq. (3). Initially, uniform suction of 25 kPa is applied to a 
heterogeneous slope. At t = 2.5 h, the pore water pressure increases 
more rapidly than in the previous homogeneous slope and exhibits a 
heterogeneous distribution. At this point, the slope collapse is almost 

complete, and the initiation of failure occurs approximately 30 min 
earlier compared to the previous scenario. The final runout distance is 
greater, measuring approximately 5.1 m. Following the saturation of the 
slope, the pore water pressure becomes positive and continues to rise 
after 3.3 h. At t = 5h, in the fully saturated zone, the pore water pressure 
distribution returns to a homogeneous state, indicating that the influ
ence of the heterogeneous porosity distribution has disappeared. Fig. 12
(b) shows a significant uneven distribution of effective stress, primarily 
attributed to variations in the density state. At t = 2.5 h, slope collapse 
causes the drop in the effective stress. After t = 3.3 h, the saturation 
process and the buildup of positive pore water pressure cause a further 
reduction in effective stress.

Fig. 13 presents a representative distribution of heterogeneous 
porosity. Typical large and small porosity zones are shown in Fig. 13 (a). 
The existence of initial large and small porosity zones significantly af
fects the temporal and spatial evolution of the degree of saturation and 
the permeability coefficient, which will be discussed in the following 
paragraphs. Similar to the results observed in homogeneous slope 
collapse, the porosity within the shear band increases, while the soil’s 
porosity in the foundation zone, beneath the accumulated collapsed soil, 
slightly decreases. Fig. 13 (b) illustrates the large deformation process of 
the slope. The notable differences compared to the homogeneous slope 
are the earlier onset of failure and the slightly longer run-out distance.

Fig. 14 presents the temporal and spatial variability of the degree of 
saturation and permeability coefficient. Fig. 14 (a) shows that the dis
tribution of the degree of saturation follows an opposite pattern to that 
of porosity. In zones with low porosity, a high initial degree of saturation 
is observed in the unsaturated zone, whereas in zones with high 
porosity, a low initial degree of saturation is present in the unsaturated 
zone. When slope collapse occurs, the large deformation increases 
porosity, which may cause desaturation, reducing the degree of satu
ration. This phenomenon is particularly evident in surface zones expe
riencing large deformation. After full saturation, the non-homogeneous 
distribution of the degree of saturation vanishes, reducing its effects on 
soil’s hydraulic properties. Fig. 14 (b) demonstrates the influences of 

Fig. 13. Evolution of porosity and deformation for a heterogeneous slope.
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porosity on the permeability coefficient. At t = 0.3 h, under unsaturated 
conditions, the permeability coefficient is at least an order of magnitude 
(10 times) lower than the saturated coefficient. As a result, this corre
spondence between porosity and permeability coefficient is not evident. 
At t = 2.5 h, it can be observed that, in the unsaturated zone, smaller 
porosity is generally associated with an increased relative unsaturated 
permeability coefficient. This explains that local zones of low porosity 
contribute to faster infiltration in heterogeneous soils under unsaturated 
conditions. These findings are consistent with the results presented in 
Fig. 1 (b). In Fig. 14 (b), after t = 2.5 h, porosity increases significantly in 
the deformed zone, leading to desaturation. As a result of this increase in 
porosity, the total permeability coefficient also rises. That is because the 
total permeability coefficient is governed by the coupling effects of de
gree of saturation and porosity, as demonstrated in Eq. (4). At t = 5h, at 
the saturated foundation zone, large porosity contributes to higher 
saturated permeability coefficients.

5.5. Discussion

To further demonstrate the influence of porosity’s spatial variability 
on slope failure, Fig. 15 to Fig. 17 present comparisons of porosity, pore 
water pressure, and mean effective stress profiles between the homo
geneous case and the heterogeneous case (COV = 0.15) along profiles A- 
A, B-B, and C–C of the slope. Fig. 15 presents the comparison of porosity 
evolution. The profiles are plotted starting from 0.5 m depth, within the 
interior of the slope. In the homogeneous case, porosity along profiles A- 
A and B-B remains nearly constant at 0.4 throughout the slope over time. 

The porosity along profile C–C initially is 0.4 and shows a slight 
decrease, as previously demonstrated, due to the accumulation of 
collapsed soil over this profile. In contrast, for the heterogeneous case 
with COV = 0.15, profiles A-A, B-B, and C–C show variations in porosity 
with elevation due to random spatial distributions. The porosity along 
profile A-A is higher than the average value of 0.4 between 8 m to 10 m, 
and lower than 0.4 at elevations below 8  m. Along profile B-B, the 
porosity exceeds the average value above 3 m. For profile C–C, the 
porosity remains below the average value throughout the entire profile 
and also exhibits a decreasing trend over time.

Fig. 16 shows the evolution of pore water pressure along profiles A- 
A, B-B, C–C. For the homogeneous slope at profile A-A, the initial pore 
water pressure head is uniform at − 2.5 m. As infiltration progresses, the 
top of the slope becomes saturated by t = 2.5 h. Additionally, because 
the bottom boundary is under undrained conditions, the pore water 
pressure head increases rapidly at the base due to water accumulation. 
In contrast, after t = 2.5 h, water infiltrates more slowly between 8  m 
and 10  m along the profile compared to homogeneous soil, due to the 
larger porosity in this zone. It should be emphasized that the evolution 
of pore water pressure within the current profile is affected not only by 
its intrinsic properties but also by the porosity distribution of adjacent 
profiles. This reflects the impacts of preferential flow paths driven by 
spatial porosity variability, as illustrated in Fig. 13 (a).

Similarly, along profile B-B at elevations above 3  m, the pore water 
pressure in the heterogeneous slope increases slowly compared to the 
homogeneous case, due to the abrupt increase in porosity within this 
section of the profile. In profiles C–C, slightly faster water infiltration is 

Fig. 14. Evolution of permeability and degree of saturation for a heterogeneous slope.
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observed under unsaturated conditions before t = 3.3 h, due to the 
smaller porosity.

Fig. 17 illustrates the evolution of mean effective stress along profiles 
A-A, B-B, and C–C. In the homogeneous slope at profile A-A, the mean 
effective stress is distributed almost linearly with elevation. At t = 2.5 h, 
the mean effective stress decreases significantly due to the slope 
collapse. After t = 3.3 h, the infiltration wetting process, without the 
generation of positive pore water pressure, only slightly reduces the 
mean effective stress. In the heterogeneous slope, the random distribu
tion of porosity significantly influences soil density, causing fluctuations 
of the mean effective stress with elevation. Generally, lower porosity 
indicates denser soil and results in higher mean effective stress, whereas 
higher porosity corresponds to a looser state and lower mean effective 
stress. Despite these fluctuations, the overall evolution of mean effective 
stress in the heterogeneous slope follows the same gradual reduction 
trend observed in the homogeneous slope.

The evolution of mean effective stress in profile B-B for both ho
mogeneous and heterogenous slopes shows a similar trend to that in 
profile A-A. In profile B-B, a notable drop in mean effective stress above 
the elevation of 3 m is observed in the heterogeneous slope because of a 
significant increase in porosity at the same elevation. Conversely, a 
significant increase in mean effective stress in the heterogeneous slope is 
observed below 3  m, because of the reduction in porosity at the same 
elevations. In profile C–C, the heterogeneous slope exhibits higher mean 
effective stress than the homogeneous slope due to lower initial porosity 
and higher density. These results further demonstrate the dominant 
influence of porosity on mean effective stress.

Fig. 18 shows the displacement of selected surface locations (points 

D, E, and F) for both the homogeneous and heterogeneous slopes. In the 
homogeneous slope, the wetting-induced collapse occurs at approxi
mately 2.5 h. The displacement at the top (point D) and middle (point E) 
of the slope reaches up to 5.5 m, while the displacement at point F 
located near the toe of the slope is about 5 m. In contrast, the wetting- 
induced collapse occurs half hour earlier in the heterogeneous slope. 
The displacements of the three points are slightly larger than those in the 
homogeneous slope, indicating a slightly greater runout distance in the 
heterogeneous soil slope.

Fig. 19 presents the velocity profiles at points D, E, and F. In the 
homogeneous slope, the maximum velocity during slope failure reaches 
up to 1.5 m/s across all locations. In the heterogeneous slope, similar 
velocity profiles are observed; however, the failure is triggered earlier.

To investigate the spatial variability of void ratio (or porosity) on 
slope failure, coefficients of variation (COV) of 0.1 and 0.2, and corre
lation length θ(ϕ) of 5 m and 7 m were tested. Table 6 summarises the 
setup of all tested cases and presents the statistics of the mean run-out 
distance and mean sliding area. According to Table 6, increasing the 
COV does not significantly affect the mean run-out distance, only a slight 
increase is observed. This is because the run-out distance is mainly 
controlled by the critical friction angle of the soil, which remains con
stant throughout this study. In contrast, the mean sliding area is more 
sensitive to changes in COV. As the COV increases, the likelihood of 
deep-seated failure rises, resulting in a larger sliding area. This obser
vation aligns with the findings reported by Fang et al., (2024). As the 
COV increases, the onset of failure times significantly decreases, 
reaching approximately 2.0 h. This is because, although increasing the 
COV increases porosity variability, the impact of porosity on the initial 

Fig. 15. Evolution of porosity in homogeneous versus heterogeneous slopes.
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degree of saturation and the relative permeability coefficient remains 
small due to the selected SWCC parameter values, as illustrated in Fig. 1. 
Despite the limited effect of random porosity on the initial hydraulic 
conditions, it still produced significant differences in the numerical re
sults between the heterogeneous and homogeneous cases. The param
eters of the soil water characteristic curve play a more critical role in 
governing infiltration processes, which in turn have a greater impact on 
failure time. Similarly, the influence of correlation length on onset time 
of failure and runout distance is very limited. Increasing the correlation 
length can slightly enlarge the sliding area. However, this influence 
becomes negligible when the correlation length exceeds approximately 
7 m.

While the cases presented here focus on the influences of spatial 
variability in porosity, other factors, such as the parameters of the soil 
water characteristic curve and rainfall intensity also play a significant 
role in slope failure. This study focuses on the influence of initial 
porosity heterogeneity on rainfall-induced slope failure using a fully 
coupled SPH approach. Under identical SWCC parameters, except for 
the parameter ga related to void ratio, increasing porosity variability 
alters degree of saturation and the permeability coefficient, which pro
motes preferential seepage, accelerates infiltration, and triggers earlier 
slope failure. Previous studies (e.g., Zhang et al., 2005, Rahimi et al., 
2010) have shown that SWCC fitting parameters strongly influence slope 
stability. Rahimi et al. (2010) reported in low permeable soil, where the 
factor of safety varies significantly with the change of SWCC parameters. 
In contrast, high permeable soils are less sensitive to SWCC variations. 
However, very few studies have directly applied random field 

approaches to model spatial variability in SWCC parameters for rainfall- 
induced slope failure, due to the numerous variables involved. Many 
investigations (e.g., Rahimi et al., 2011, Zhang et al., 2011, Kristo et al., 
2017) have also demonstrated that more intense rainfall can substan
tially reduce matric suction, elevate groundwater levels, and signifi
cantly lower the factor of safety. Future research will incorporate 
variable SWCC parameters and rainfall intensities to provide a more 
comprehensive evaluation.

6. Conclusions

This study developed and implemented a fully coupled smoothed 
particle hydrodynamics (SPH) numerical framework to investigate 
rainfall-induced unsaturated slope failures, with particular emphasis on 
the void ratio dependence and variability in unsaturated soils. The 
advanced unsaturated constitutive model was successfully integrated 
into the SPH framework to capture the complex hydro-mechanical in
teractions during slope failure processes. The performance of the un
saturated constitutive model was validated in element level first and 
then was verified through the SPH simple shear test and granular 
collapse test.

Application of the fully coupled SPH model to a rainfall infiltration 
scenario in an unsaturated embankment slope provided critical insights 
into how spatial heterogeneity in porosity affects water infiltration 
patterns, pore pressure development, effective stress and slope stability. 
Increasing the spatial variability of the void ratio generally enhances the 
potential instability of the slope and creates more preferential paths for 

Fig. 16. Evolution of pore water pressure in homogeneous versus heterogeneous slopes.
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seepage flow. As a result, infiltration time is shortened, and the soil’s 
strength deteriorates due to significant variability in density. Numerical 
results indicate that increasing the spatial variability of the void ratio 
enlarges the sliding area during slope failure, while it has a limited 

impact on the run-out distance. It also leads to an earlier onset of slope 
failure.

Overall, the proposed SPH-based approach provides a robust and 
efficient tool for analysing complex slope failure mechanisms in 

Fig. 17. Evolution of mean effective stress in homogeneous versus heterogeneous slopes.

Fig. 18. Displacements at locations of D, E, F in homogeneous and heteroge
neous slopes.

Fig. 19. Velocities at locations of D, E, F in homogeneous and heteroge
neous slopes.
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unsaturated soils. The findings offer valuable guidance and lay a solid 
foundation for future probabilistic and performance-based slope stabil
ity assessments under rainfall conditions, especially in heterogeneous 
geomaterials.
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Appendix 

The semi-implicit algorithm for the unsaturated constitutive model is presented in Table 7.

Table 7 
Semi-implicit algorithm for the unsaturated constitutive model.

1 Given strain rate (dε) and other state variables at tN

2 Elastic trial stress increment:dσ’e trial
N+1 = De : dε 

Trial stress:σ’trial
N+1 = σ’

N + dσ’e trial
N+1 

Update ṕ trial
N+1, qtrial

N+1, sN+1, eN+1, SeN+1, SrN+1, λN+1(SeN+1)

Trial internal variables: ṕ0
*
N+1 = ṕ0

*
N; ṕ0N+1(SeN+1) = pc

(ṕ0
*
N+1
pc

)
λ0 − κ

λN+1(SeN+1)− κ

3 Check if plastic yielding occurs by computing fN+1 :

fN+1
(
ṕ trial

N+1 ,qtrial
N+1, ṕ0N+1(SeN+1)

)
= ṕ e trial

N+1 +
qe trial

N+1
2

M2 ṕ e trial
N+1

− ṕ0N+1(SeN+1)If fN+1 < 0 then 

Proceed to Step 4 
Else fN+1 ≥ 0, the loading step is elasto-plastic 
Proceed to Step 5 
End

4 Elastic stress update: σŃ+1 = σ é trial
N+1 ; εp

N+1 = εp
N

5 Elasto-plastic step, perform stress corrector: 
Compute dλ:  

dλ =
f trial
N+1

∂f
∂σ’: De :

∂gN

∂σ −
∂f

∂p’
0(Se)

∂p’
0(Se)

∂p’
0

*
dp’

0
*

dεp
v

dg
dp’

Correct the stress and computer other variables: 

dσ’
N+1 = σ’trial

N+1 − dσ’p = σ’trial
N+1 − dλ

∂g
∂σ’σ

’
N+1 = σ’

N + dσ’
N+1; Convert to ṕN+1 and qN+1 

εp
N+1 = εp

N + dεp
N+1; εN+1 = εN + dε 

dp *́
0 =

(1 + eN+1)ṕ *
0

(λ0 − κ)
Ωdεp

v ; ṕ *
0 N + 1 = ṕ *

0 N + dṕ *
0 ; ṕ0N+1(SeN+1) = pc

(ṕ0
*
N+1
pc

)
λ0 − κ

λN+1(SeN+1)− κ 

dṕ *
0 =

(1 + eN+1)ṕ *
0

(λ0 − κ)
dεp

v ; ṕ *
0 N+1= ṕ *

0 N + dṕ *
0 ; ṕ0N+1(SeN+1) = pc

(
ṕ *

0 N+1

pc

)
λ0 − κ

λN+1 (SeN+1)− κ 

RN+1 =
ṕ0N+1(SeN+1)

ṕ0N+1(SeN+1)
EXIT the algorithm
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